MINIMAL BLOW-UP SOLUTIONS TO THE MASS-CRITICAL 
INHOMOGENEOUS NLS EQUATION 



VALERIA BANICA, REMI CARLES, AND THOMAS DUYCKAERTS 



Abstract. We consider the mass-critical focusing nonlinear Schrodingcr equa- 
tion in the presence of an external potential, when the nonlinearity is inhomo- 
geneous. We show that if the inhomogeneous factor in front of the nonlinearity 
is sufficiently flat at a critical point, then there exists a solution which blows 
up in finite time with the maximal (unstable) rate at this point. In the case 
where the critical point is a maximum, this solution has minimal mass among 
the blow-up solutions. As a corollary, we also obtain unstable blow-up solu- 
tions of the mass-critical Schrodinger equation on some surfaces. The proof is 
based on properties of the linearized operator around the ground state, and on 
a full use of the invariances of the equation with an homogeneous nonlinearity 
and no potential, via time-dependent modulations. 



1. Introduction 

1.1. Setting of the problem and main result. Wc consider the equation 

(1.1) z9tM + Au-y(x)u + 5(x)|M|''/''u = 0, xeR'*, 

U|t=o = uoeH^ (R"^) 

where d \ ov d ~ 2^ g and V are real smooth functions on R"^, bounded as well as 
their derivatives, and g is positive at least in an open subset of R**. We investigate 
blowing up solutions to (1.1). One of the applications that we have in mind is the 
study of finite time blow-up for solutions to the nonlinear Schrodinger equation on 
surfaces. The link between these two problems is detailed in §1.3 below. 

First, let us recall some classical arguments (see e.g. [15]). The nonlinearity 
is energy-subcritical, so for any initial condition uq G there exists a maximal 
interval of existence ]T_(ito), T_)_(uo)[, and a solution u of (1.1) such that 

«eC(]T_,r+[,ffi). 

Furthermore if r+ < +oo, then lim ||Vii(t)||i2 = -\-oo. The mass M = ||u(t)||^2 
and the energy 

E = j Q|V«(t,2;)p + iF(2;)Kt,x)p- 4i-^,g(x)Ki,x)|^+2) dx 

are independent of t G]r_, T^[. 

We consider the ground state Q, which is (up to translations) the unique positive 
solution of the equation 

AQ + Qi+^Z'^ = Q, x e R^. 

Recall that Q is C°°, radial, and exponentially decreasing at infinity. Furthermore, 
Q is the critical point for the Gagliardo-Nirenberg inequality ([39]) 

(1.2) ^ C II w-lli. U\tlt yi' e {-R-') ■ 

In the homogeneous case V ~ 0, g ~ 1, the equation 

(1.3) idtu + Au+\u\^^'^u = 
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is stable by the pseudo-conformal transformation: if u is a solution of (1-3), so is 
v{t, x) defined by 

(1.4) ^t,x) = {ru){t,x)-^u(^j,j 

Applying this transformation to the stationary solution e^*Q, one gets a solution of 
Equation (1.3) 

^(M)=e-'/*|5^Q(|), 

that blows up at time t = 0, and such that ||Vu(t)||i2 sa j as t ~> 0. A classical 
argument shows, as a consequence of (1.2) that this is the minimal mass solution 
blowing-up in finite time (see [39]). 

When equation (1.3) is perturbed in such a way that the pseudo-conformal trans- 
formation is no longer valid, there are only few known examples of blow-up solutions 
with the same growth rate. Consider the same equation (1.3) posed on an open 
subset of R"^ (with Dirichlet or Neumann boundary conditions) or on a flat torus. 
Then one can construct blow-up solutions as perturbation of S{t,x) with an expo- 
nentially small error when < — )• 0: see [31] for d = 1 and [12] for d = 2. The proof 
relies on a fixed point argument around a truncation of S{t,x). The linear term 
is considered as a source term, and is controlled in spaces of functions decaying 
exponentially in time. This approach was first used in [2(i] to construct solutions 
with several blow-up points. 

The recent work [20] is devoted to a 4-dimensional mass critical Hartrce equation, 
with an inhomogeneous kernel. In the corresponding homogeneous case, when the 
Hartree term is (|j;|~^* |u|^)w, (1.4) leaves the equation invariant, yielding a blow-up 
solution analogous to S(t, x). Under the assumption that the perturbation vanishes 
at some large order at the blow-up point, a pseudo-conformal, minimal mass blow- 
up solution of the perturbed equation is constructed. In this case, the solution 
is only a polynomial perturbation of the explicit ground state pseudo-conformal 
blow-up solution, and the proof of [31] and [12] is no longer valid. The construction 
of [20] relies on an adaptation of an argument of Bourgain and Wang [10]. 

In the general setting of (1.1), the strategy of [31] and [12] does not work either 
unless both g and V are constant around the blow-up point. The argument of 
Bourgain and Wang is easy to adapt and gives, as in [20], a minimal mass solution 
under strong flatness conditions on g and V at the blow-up point (see Remark 1.5 
and Section 2). These flatness conditions and the concentration of the solution at 
the blow-up point imply that the terms induced by g and V arc small at the blow- 
up time. Our goal is to weaken as much as possible these conditions: we construct 
blow-up solutions for any bounded potential V with bounded derivatives, assuming 
only a vanishing condition to the order 2 on g — gi^o) at the blow-up point xo- We 
assume for simplicity that xq = and that 17(0) = 1. the general case xq £ IV^, 
g{xo) > follows by space translation and scaling. For s ^ 0, we denote 

= |v e (R"^) Ixl'ij G (R'^) } = i?" (R^) n J- {H' (R'')) , 

and we shall drop the index for E^. Our main result is the following: 

Theorem 1.1. Let d = 1 or d ^ 2 and V e C2(R'^;R), g G C4(R'*;R). Assume 
that df^V G for 2, d^g G L°° for |^| 4, and 

(1.5) <?(0) = 1 ; |^(0) = -^(0) = 0, l<j,fcs=:d. 

OXj OXjOXk 
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Then there exist T > 0, u C{]0,T[, S) solution of (1.1) on ]0,r[ such that 

(1,6) ||.«) - ^-.^ 0. »m 5(,.) . .--.MO, ___<j 

where 9, A are continuous real-valued functions and x{t) is a continuous Yi!^ -valued 
function such that 

0{t) = t + o(t) as t ^ +00, 

X{t) ^ t and \x{t)\ o{t) as t ^ 0+ . 

Remark 1.2. We easily infer the asymptotics 



u{t) - S2{t) 0, with S2{t, x) = e-^*^(°) ——JT. Q (7 

Note that in this formula, we do not control the _ff ^-norm, for which a better control 
of A and x{t) would be needed. 

As explained below, we construct the blow-up solution as a perturbation of the 
solution 82(1, x). The flatness condition on g implies that the new perturbative 
terms induced by the inhomogeneity g are small as t tends to 0. 

Remark 1.3. The pseudo-conformal blow-up regime of Theorem 1.1, where the 

blow-up rate ||Vu(t)||/^2 is of order 1/t around t = 0, is unstable and non-generic, 

1/2 

as opposed to the blow-up regime at a rate |^i2S(Ji£i-Ml^ highlighted (in space 

dimension 1) by G. Perelman [:^2] (see also [-iU]). This log-log regime was shown 
to be generic in all dimensions, under a spectral assumption if d 2, in a series of 
papers of F. Merle and P. Raphael (see e.g [29, 35]). This assumption was checked 
in the case d ^ 4, and the main properties of the log-log regime persist for d = 5 
(see [17]). Theorem 1.1 may also be seen as a structural stability property for the 
pseudo-conformal blow-up regime: this regime persists under some perturbations 
of the equation. 

Remark 1.4. Note that (1.6) implies \\u{t)\\l = If we assume furthermore 

that \g\ ^ 1, the solution constructed in Theorem 1.1 has minimal mass for blow- 
up. This is consistent with the conjecture that the non-generic blow-up occurs at 
the boundary of the manifold of all blowing-up solutions. Note also that g may not 
remain everywhere positive: we consider a localized phenomenon. 

Remark 1.5. Establishing Theorem 1.1 is much easier if we assume that V — V{0) 
and g — g{Q) vanish to high order at a: = 0. This is the analogue of Theorem 1 of 
[20] in the context of Hartree equation. In Section 2, we give, in this less general 
setting, a short proof of (1.6) which is an adaptation of [10] and simplifies the 
argument of [20]. In this case we can assume that 9{t) = r, X{t) = t and x{t) = 0. 
The first equality should also hold (in view of the recent work [-■]()]) in the general 
context of Theorem 1.1. The main difficulty of the proof of Theorem 1.1 under 
the general assumption is to combine the strategy of [10] with modulation theory 
to relax the high order flatness assumption to the weaker assumption (1.5). This 
difficulty already appears in [23] in a more delicate context (see below). 

We next discuss two particular cases, li g = 1, our theorem shows that for any 
real- valued smooth potential V which is bounded on R'' as well as all its derivatives, 
for any point xq G R'', there exists a solution of 

idtu + Am - V{x)u + \u\'^/''u = 
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blowing-up at xq at a pseudo-conformal rate. Little is known about blow-up so- 
lutions for this equation, except in some particular cases (where V is unbounded) 
where algebraic miracles provide a good understanding: if V is linear in x, Avron- 
Herbst formula shows that V does not change the blow-up rate ([14]). If V{x) = 
±w^|xp, V changes the blow-up time, but not the blow-up rate ([L-H]). Our result 
shows that the S{t) blow-up rate remains for any bounded potential {e.g. obtained 
after truncating the above potential). 

Equation (1.1) in the case = was studied by F. Merle in ['2S]. Assume for 
the sake of simplicity that 

5(0) = 1 and Va; ^ 0, |.g(2;)| < 1. 

In this case, g attains its maximum at 0. In [2n], it is shown, assuming g £ ,V = 
0, and an additional bound on g and its derivative, that for any mass M > ||Q||^2 
and close to ||(3|||2 there exists a blow-up solution u of (1.1) such that ||uo|li2 = M . 
It is also shown that a critical mass blow-up solution must concentrate at the critical 
point 0. Furthermore, if there exists a e]0, 1[ such that g satisfies 

(1.7) V g{x) ■ X ^ -\x\^+°' 

for small x, then there is no critical mass solution. Note that this assumption 
implies that g is not . The existence of minimal mass blow-up solutions for g 
which do not satisfy (1.7) is left open in [28]. Theorem 1.1 answers positively to 
this question for smooth g, except in the critical case Vg(0) = and V^g(O) ^ 0, 
which includes the case a = 1 in (1.7). After our article was written, P. Raphael 
and J. Szeftel [36] have shown the existence of a minimal mass blow-up solution in 
the case where the matrix V^g{0) is non-degenerated. The strategy of the proof 
borrows arguments due to the pioneering works of Y. Martel [24] , Y. Martel and 
F. Merle [25]. The authors also show a difficult and strong uniqueness result: this 
solution is (up to phase invariance and time translation) the only minimal mass 
solution. This is in the spirit of the work by F. Merle [27] for (1.3) (see also [18], 
and [2] for partial results in the case of a plane domain) 

Under the assumption V^g{Q) — 0, the authors of [36] conjecture that the set of 
minimal mass solutions is parametrized by two additional parameters, the energy 
and the asymptotic momentum. Our goal here is to give a simple construction of 
critical-mass pseudo-conformal blow-up solutions in curved geometries (see §1.3) 
and we do not address the issue of classification of these solutions. 

We do not address either the question of the existence of non-generic blow- 
up solutions of (1.1) with supercritical mass. Examples of such solutions were 
constructed in [10] for equation (1.3) in space dimensions 1 and 2 and in [20] for 
the case of Hartree nonlinearity in space dimension 4. In both cases a supercritical 
mass blow-up solution is obtained, up to a small remainder, as the sum of a minimal 
mass blow-up solution and a solution that vanishes to some order at the origin at 
the blow-up time. It should be possible to adapt our method to construct the same 
type of solutions. Note that our case is of course simpler than the one of Hartree- 
type nonlinearity, where the non-local character of the nonlinearity appears as an 
important issue in this construction. 

Let us mention the conjecture, stated in [32], that there is a codimension one 
submanifold of initial data of equation (1.3) in leading to pseudo-conformal 
blow-up. In [23] J. Krieger and W. Schlag constructed, for this equation in space 
dimension 1, a set of initial data leading to this type of blow-up. This set is, 
in spirit, of codimension 1 in a space S''^ {N large), without being, rigorously 
speaking, a submanifold of this space. The proof of [23] requires a full use of the 
modulations, and also very delicate dispersive estimates for the linearized operator. 
This type of result is out of reach by our method. As a drawback, the method 
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of [23] can only deal with functions with a very high regularity, whereas our fixed 
point, relying on energy estimates, is essentially at an H'^l'^+ level. Our argument 
should in particular work in dimensions d 3, although the lack of regularity of the 
nonlinearity might become an issue in high dimensions. Let us mention although 
the works [21, 22, 7, 8] devoted to the constructions of stable manifolds around 
solitons or stationary solutions for other equations. 

1.2. Strategy of the proof. The key ingredient of the proof is a result of M. Wein- 
stein [40] on the properties of the linearized NLS operator around the ground state, 
which implies that the instability of the linearized equation is only polynomial, not 
exponential. 

We first consider, as in [10], the pseudo-conformal transformation (1.4). Thus u 
is a solution to (1.1) on ]0,T[ if and only if v is solution to the following equation 
on ] ^, +oo[: 

(1.8) idtv + /^v - {^^v + g {^^ \v\'^'-^v^Q. 

Intuitively, for large time, the potential term is negligible (it belongs to LjL^, hence 
it is short range in the sense of [Hi]), and the inhomogeneity can be approximated 
by its value at the origin. Therefore, a good asymptotic model for (1.8) should 
be given by the solution (with the same behavior as t — > +oo) to the "standard" 
mass-critical focusing nonlinear Schrodinger equation (1.3). We want to construct 
a blow-up solution to (1.1) by constructing a solution v to (1.8) which behaves like 
the solitary wave e^*Q{x) (which solves (1.3)) as t ^ -l-oo. In the case g = 1, there is 
a huge literature concerning the existence and stability of solitary waves associated 
to (1.8) when the potential l/t'^V{x/t) is replaced by a time independent potential: 
therefore, these results seem of no help to study the blow-up phenomenon. 
In a first approximation, we look for a solution of the form 

(1.9) v = e''{Q + h). 
Therefore is a solution of (1.8) if and only if 

(1.10) idth + Ah-h-^V (^^) {Q + h)+g(^^^ |Q + /i|4/'^(Q + /i)-gi+'*/'^ = 0. 
Consider the linearized operator near Q 

(1.11) Lf := -A/ + / - Q + l) Q^/'^f ^Q^/'^J. 

In [40] , it is shown that the semi-group e**^ is bounded in the orthogonal space of a 
2d-|-4 dimensional space S, the space of secular modes, where it grows polynomially. 
This allows us to construct the solution h of (1.10) as a fixed point in a space of 
functions that decay polynomially as t -t-oo. Namely, we can write (1.10) as 

(1.12) idth- Lh^ R{h), 

where R{h) is, roughly speaking, the sum of a source term involving Q, V and g, 
of a similar linear term where Q is replaced by h, and of a term which is nonlinear 
in h. The latter is essentially harmless, since we expect h to be small. The first 
two terms can be proved small provided that we require a sufficient vanishing for 
V and g — 1 at the origin to balance the polynomial growth of the semi-group e'*^ 
on S. This approach is sketched in §2 below. Note that even though intuitively, 
it is natural to expect l/t'^V{x/t) and g{x/t) — 1 to be negligible for large time, 
proving this requires the nontrivial bounds on e'*^ shown in [40], since the S{t) 
behavior is unstable. In the case where V and g — 1 are not too flat at the origin, 
more information is needed. 
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In order to loosen the assumptions on the local behavior of V and g near the 
origin, we use all the invariances associated to (1.3) to neutralize as many secular 
modes as possible. There is a 2d + 3 dimensional family of modulations, given by 
the scaling, space-translation, gauge, Galilean, and conformal invariances. By mod- 
ulating the function v thanks to these transformations, we can eliminate all secular 
modes but one, limiting the growth of the operator e'*^. This allows us to decrease 
the order to which V and g — 1 vanish at the origin, so as to infer Theorem 1.1. 
As mentioned before, this approach is quite similar in spirit to [ ] for L^-critical 
Schrodinger equation, and to [7, <S], where an L^-supcrcritical Schrddingcr equation 
is considered. 

One of the difficulties of our proof is to include the choice of the modulation 
parameters in the definition of the operator defining the fixed point. In this context, 
the contraction property seems hard to check: we manage to prove continuity only 
(see Proposition 7.5). We bypass this difficulty by using the Schauder fixed point 
theorem. A key step is to obtain energy estimates on an evolution equation with 
a time-dependent operator, which is the sum of the linearized operator L and a 
time-dependent pcrturbativc term which is given by the modulation. 

1.3. Application to NLS on surfaces. Let us first recall that the other known 
blow-up regime, the log-log regime, is not only more stable on R"^: it is structurally 
stable, in the sense that it persists in other geometries. The case of a domain was 
settled by F. Planchon and P. Raphael [34], and the one of a general Riemannian 
manifold by N. Burq, P. Gerard and P. Raphael [11]. 

As a consequence of Theorem 1.1, we are able to construct blow-up solutions — 
with 1/t blow-up speed, and with profile related to Q — on surfaces fiat enough at 
the blow-up point. To this purpose we consider rotationally symmetric manifolds. 
Such a manifold M is a Riemannian manifold of dimension 2, given by the metric 

ds^ = dr^ -h(/.2(r)dw^ 

where duJ^ is the metric on the sphere S^, and (/) is a smooth function C°°([0, cx)[), 
positive on ]0, cx)[, such that (/)(''™")(0) = and </>'(0) = 1. These conditions on (j) 
yield a smooth manifold (see e.g. [33]). For example, and the hyperbohc space 
are such manifolds, with (j){r) = r and 4){r) = sinhr, respectively. The volume 
element is </'(r), and the distance to the origin from a point of coordinates (r, w) is 
r. Finally, the Laplace-Bcltrami operator on M is 

Now, if we consider u a radial solution of NLS on M (recall that d = 2) 
(1.13) idtu + Amu+\u\'^u = 0, 

then the radial function u defined by 



u(t, r) = u(t, r) 
satisfies Equation (1.1) with 



0(r) 



1/2 




nr) = l^-i \ [^] -^),andg(r)^ 



r) 4 I \ (j>{r) J r"^ j ^ (j){r) 



Therefore we are in the framework of Theorem 1.1, up to conditions of flatness of 
the metrics at the blow-up point and of boundedness of V and g at infinity. These 
boundedness conditions corresponds to conditions on the growth of the unit ball 
volume of the manifold at infinity. 
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This proves the existence of a blow-up solution of speed 1/t and critical mass 
for such surfaces. Notice that the hyperbolic space (j){r) = sinhr correspond to 
the borderline case d^g{0) ^ 0, which we do not reach with our method. This 
should be covered, however, by an extension of the work of [3G] to equations with 
a linear potential. The motivation for this case would be to complete the available 
information: the virial identity yields a sufficient blow-up condition which is weaker 
than in the Euclidean case ([3]), and for dcfocusing nonlincarities (or focusing 
nonlinearities with small data) , the geometry of the hyperbolic space strongly alters 
scattering theory, since long range effects which are inevitable in the Euclidean case, 
vanish there (see [5, 19, 1]; see also [G, 4]). 

We conclude this subsection by giving explicit examples of surfaces satisfying 
the above assumptions. 

Example 1.6 (Compact perturbations of the hyperbolic and Euclidian planes). 
Let Co, do G Ft and consider G C°°([0, +oo[) such that (/)(r) = r -I- cor^ -I- C'(r'^) as 
r — > 0, and 0(r) = sinh(r) -t- do or (/)(r) = r + do for large r. Then there exists a 
solution u of (1.13) that blows up at time t = at the origin r = 0, and such that 
||Vu(t)||^2 « 1/t as i — > 0. An example of such a surface in the case 0(r) = r -I- do 
for large r is given by the surface M of R'^ equipped with the induced Euclidean 
metric and defined by the equation x = f{y^ + z'^), where / : — is a smooth 
nondecreasing function such that /(O) = /'(O) = and /(s) = xo > for large s. 

Remark 1.7. Many simple manifolds do not enter in our framework, as they do not 
satisfy the boundedness conditions on V and g at infinity. Examples are given by 
the surfaces of R'^ defined by the equation x = (y^ -\- z^Y , k ^ 2, with the induced 
Euclidean metric, which are spherically symmetric manifolds such that g = r/(f>{r) 
satisfies assumption (1.5), but grows polynomially at infinity. We do not know if 
this is only a technical point and it would be interesting, in view of these examples, 
to relax the boundedness conditions on V and g at infinity to a polynomial growth. 
The case of non-flat compact surfaces, even with strong symmetry assumptions, is 
also completely open. 

1.4. Structure of the paper. In §2, we sketch the proof of Theorem 1.1 under 
strong flatness assumptions on V and g near the origin. The result then follows in 
a rather straightforward fashion from a standard flxed point argument, relying on 
estimates on the linearized operator L due to M. Weinstcin. In §3, we introduce the 
full family of modulations, in order to reduce the proof of Theorem 1.1. In §4, we 
recall some more precise properties on the linearized operator L, which are crucial 
for tuning the modulation, as presented in §5. Once the modulation is settled, we 
study the non-secular part of the remainder in §6. The proof of Theorem 1.1 is 
then completed in §7, thanks to compactness arguments. Minor technical results 
are detailed in two appendices, for the sake of completeness. 

2. Proof of a weaker result 
In this section, we sketch the proof of Theorem 1.1 with 
9{t) = T, X{t) = t, x{t) = 0, 
(hence 8 = 82 in Remark 1.2) under the 

Assumption 2.1. Let d ~ 1 or 2, and V,g G C°°{'R'^; R). Assume that for all a, 
d^g^d^V G L°° , and that there exist my ^ 7 and mg ^ 9 such that: 

V|/3| ^ mv, \d^V{x)\ ^ Cp\xr''-\f'\ if \x\ 1, 
V|/3| < mg, |a^(g(x) - 1)| ^ C^|x|"'-I^l if \x\ < 1. 
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Recall that the linearized operator L is defined by 

Lf := -A/ + / - Q + Q^/'f ^Q^/'^J. 

We will need the following property of L, which is a consequence of [40] (see also 
[9, Proposition 1.38]). 

Proposition 2.2. One can decompose (R-'') '^■^ = S®M, with S (of finite 
dimension) and M stable by e'*^ and such that, if Pm o,nd Ps denote the projections 
on M and S, respectively, the following holds. If s ^ 1 and ip g iJ*, then for all 
t ^ 1, 

\\e''^PsW\\^^ + J \^{x)\e-^\-\dx, 

Also, if s' ^ 1 and ip e S*' , then for all t ^ 1, 

\x\''e''^Psii') s^C{l + t^) [ \il:{x)\e-''\^\dx, 



Ixr'e'^^PMW ^^^C\\\xfnL-+C[l + t'') UWhs 

In particular, we have for all s ^ 1 and i) G (l^'^): 

(2.1) \\e^'H\\^^^C{l + \t\^)\mH^, 
and for all ?/) G S, 

(2.2) ||l^|e'*'^^|L. C \\\xm^, + C (1 + \tf) UWh^. 
In order to prove Theorem 1.1, we need to find a solution of 



idth-Lh = R{h) ■ ||/i(t)||s — > 0. 

i— T' + oo 

We now give the expression of R{h): R{h) ~ R^Lih) + Rhih) + Ro, with 



RNL{h) ^ -g{- 



\Q+h\''/''{Q+h)-Q 



l+4/d 



4 + 1 Q^/"h - -o^'^h 



Rdh) 



, X 
7 



R,{t,x) =[l-g (I)] Qixf+'Z" + (I) Q(a;). 



We construct a fixed point for the functional 



(2.3) 



M{h){t,x) 



J{T-t)L 



iR{h){T, x)dT, 



that we decompose as J\A{h) = M.NL{h) + Aiiih) + -Mq, in accordance with the 
decomposition of R. Let s > d/2 with s ^ 1, T > 1, and A < b < a real numbers 
to be chosen later. We can prove that is a contraction on the ball of radius one 
Ba,b,T of the space 

EaAT = e CUT, +^[; n S) I UWe < oo}, 

where 

mE-.^supit^wmwH^+t' wMmh^)- 

In the sequel we will denote by C a positive constant, that may change from line 
to line and depend on a, 6, and s but not on T. 
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Since the assumptions made in this paragraph are not as general as in Theo- 
rem 1.1, we shall only sketch the main steps of the arguments which lead to the 
conclusion of Theorem 1.1. 



Bound on the nonlinear terms. There exists C > such that 



C 



\h-f\\i 



IE rpa~4 

This estimate follows from (2.1), (2.2) and the definition of Ea.b,T, which is an 
algebra embedded in L°°(R'^). Note also that A/d ^ 1, so Rnl contains nonlinear 
terms which arc at least quadratic in h. 



Bound on the first linear term. There exists C > such that 

C , 



VhJeBa. 



b,to 



\Mi{h) - Mlif)\ 



E — 



h-f\\E, 



where 



Ml{h){t,x) = 



+ 00 



- 1 



+ 1 Q^/'^h + -O^/'-h 



dr. 



The key remark is that Q decays exponentially. If \x\ ^ r, by assumption on 



(7) 



1 



Q{x 



.i/d 



c 



X 



1 



c 



\X\ 



^-c\x\ < 



If |a;| ^ r, in view of the boundcdncss of g and the exponential decay of Q, 
' X ^ 



- 1 



Q{xf/'' 



Hence the bound 

Vx e R'^, Vt ^ 1, 
Proceeding along the same lines, we infer 



1 



c 



\x\ 



(2.4) 



.9 - -1 



< — 



and we get by (2.1) and (2.2), the bound on the first linear term. 

Bound on the second linear term. There exists C > such that for all h, f G Ba^b.T, 



\Ml{h)-Ml{f)\\^^^C 



1 



1 



1 



\h-f\\E, 



where 



Mlih){t,x) 
We have, for r ^ 1, 



+00 



V 



(7) 



^ C, hence 



g.(r-t)L I ^ M^,2;)j dr. 

^C\\h\\H^ 



V 



Like above, we also have 
(2.5) 



V{-]e- 

T / 



c 

s; — 

^3 ^ -j-mv 



By decomposing M.\{h) on its M and S components, we can use the estimates of 
Proposition 2.2 to get the desired bound on the second linear linear term. 



Bound on the source term. There exists C > such that 

1 1 
1 

ymg— a— 4 

This follows easily from (2.4) and (2.5). 



\\M4e^c 
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Conclusion. Gathering all the previous estimates together, we have: 

V/, h e Ba,b.T, \\M{h) - M{f)\\E ^ C^{T)\\h - f\\E, where 
(2-6) 1,1,1,1,1, 1 



Therefore, for mv > 6 and rrig > 8 (this corresponds to the assumption made in 
this paragraph, since my and mg are integers, by regularity of V and g), we can 
choose a, b with 4 < b < a such that all the powers of T in (2.6) are positive. Hence 
we can pick T large enough such that 

(2.7) Vf,heBa,b,T, \\M{h)-M{f)\\E^l\\h- f\\E. 

Taking / = in (2.7), we see that Ai maps Ba^.r into Ba.b,T- Furthermore, (2.7) 
shows that M is a contraction on Ba^.r, which concludes the proof of Theorem 1.1 
under Assumption 2.1. 

3. Introducing a modulation 

We now wish to replace the assumption made in the previous section by the 
assumptions of Theorem 1.1, which we rewrite: 

Assumption 3.1. Let d = 1 or 2, and V e C'^(Il'';'R.), g £ C"'(R'';R). Assume 
that for df^V G for 2, d'^g e for \I3\ 4 and: 

V|/3| 1, \d^Vix)\^Cp\x\'~\^\ if\x\ ^ 1, 
m ^ 3, Id^igix) ~ 1)K C^lxp-I^l tf \x\ ^ 1. 

At first sight, the above assumption on V is stronger than in Theorem 1.1. This 
difference is irrelevant though, in view of the following remark. For a potential 
V as in Theorem 1.1, replacing u{t,x) by u{t, x)eJ*^^^'^ amounts to changing V 
to V — V{0), a potential which satisfies the above assumption. This explains the 
presence of the factor e^'*^'-"-' in the statement of Theorem 1.1. 

3.1. Modulation and linearization. As explained in the introduction, we want 
to obtain a solution to 

(3.1) idtV + Av~^v(^)v + g(j)\v\^^''v^O ; \\v{t) - e'^^^^Qh ^ 0, 

\t / \t / t^ + ca 

where 9{t) = t + o{t) as t +cxd. Introduce the following modulations: 



92(0 



(3.2) v{t, x) = A^^W+'i'^W-+i.{t)\^?) —L-v (j{t), 

with (7i, 54, qs, 7 G R and 92, 93 G R^- The functions v and v have similar properties 
as t +00 if, morally, 

(3.3) gi(t), 92(0, 93 (t), 95(0 ; 94(0,—^ 1 ; li^) ^ 

We give a rigorous meaning to this line below. Note that the second point implies 
the last one if we assume 



at) 

From now on, we define 7 as 



1 



(3.4) 7(0 = To + / —l-^da, 
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where tq is a large time to be determined later. We introduce the new time and 
space variables 

(t, y) ( lit), —777 - q2{t) ] , or, equivalcntly 

it, x) = (7"^(r), 94 il-\T)) iy + <Z2 (7"'^)) ) ■ 
With our choice for 7, (3.1) is equivalent to 
(3.5) idrv + Au = Vpv - gp\v\^''^v + iZpiv), 

where we have denoted, for p(t) = iPi,P2,P3,P4,P5) G R- x R'' x R'' x R x R: 

iZpiv) = ipi +P3 ■ y+P5\y\'^) V + ip2 -Vv + ipi ( ^ + y • V ) w, 



2 



9piT,y) = g (y) =g(^ 



x\ _ ( qiiv + 92) 

7-i(r) 



i2 ViV l-^irY \ 7-i(^) 
The parameters 52 and 54 are assessed in 7^^(t) and substituting x = 94(2/ + (72), 

Pi = qUi + qlis ■ 92 + 9|95k2p + ql ks + 2949592!^ , 

P2 = 9492 + 949492 - 2(74a - ^lqhq2, 

P3 = 9493 + 2g|g592 + Mlqsqb + &qtqiq2, 

PA = 9494 - 4g5g|, 
P5 = 9495 + 4g|g|. 
The following rewriting essentially block diagonalizes the above system: 

Pi = 94 (94 - 4^554) ■ 

P5 = 94 (95 + 4^5) . 

P2 = 9492 - 2^493 +P492- 

PZ = 94 (93 + 49395) + 2g2P5- 

Pi =P3 ■ 92 -P5I92P + 94 (91 + |93P) ■ 

Note that we have not examined the asymptotic condition as t — > +00. We analyze 
this aspect more precisely below (see §3.3). We write v = e^'^iQ+w): Equation (3.5) 
is equivalent to 

(3.6) idrW — Lw — iZpiw) = iRpiw) + iZpiQ), 

where L is the linearized operator (1.11), and Rpiw) — RNLiw) + RLiw) + Rq 
( iRNLiw) = -gp xiFiQ + w)~ FiQ) - liw)) , 
iRLiw) = (1 - gp) X £iw) + VpW, 
iRo = (1 - gp) X FiQ) + VpQ, 



(3.7) 
with 



Fiz) = \zfl''z ; iiw) = + 1) Q"'"^ + ^Q'^'^- 



As we will often write the equation (3.6) as dtw + iLw — (...), we also forced a 
multiplication by i in the definition of Rp. Note that Rnl, Rl and Rq also depend 
on the parameter p, although we will usually not indicate it with an index. 

The sequel of this section is as follows. In §3.2, we show that one can recover 
the modulations gi,. . . ,55 and the original variables t and x from the parameters 
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Pi,. . . ,P5 and the modulated variables r and y. In §3.3, we reduce Theorem 1.1 to 
the proof of an existence theorem in the modulated variables r and y. 

3.2. Prom p to the modulation. From now on, we will work only in the modu- 
lated variables r and y, and consider, by abuse of notation, the modulations qk as 
functions of r. Denoting by ' the derivative with respect to r, that is / = ^/', the 
above system reads: 

P4 = — - iqsql- 

94 



(3.8) 



P5 = qlq'z + ^qtql- 

P2 92 - 2(74(73 +P4 (72- 

P3 = 9493 + Mlqsq^ + 2q2P5- 

Pl=P3-q2 -P5I92P +91 +94|93r 

Recall that we seek — I + q^r , with 

9l,92,93,94r,95^— ^ 0. 

Consider these functions as unknowns, to be sought, for c > 0, in 
(3.9) W^(c,To) = {/eC([To,oo[), := supt^|/(t)| <oo}. 

Our main assumption here is pj 6 W{c{pj), tq), for 1 ^ ^ 5. 

Lemma 3.2. Let c{p3) — 0(735) > 2, c{pi) > 1, 0(732) = 0(734) > 1. Then if tq is 
sufficiently large the following holds. Let pj £ W {c{pj) , tq) , 1 ^ j ^5 such that 

Mj e {l,...,5}, \\Pj\\c{p,),To < 1- 

Then there exists a unique family of parameters 91, 92, 93, 94r, 95; such that the sys- 
tem (3.8) holds with 

• 92,94r G 1^(0(92), To) with c((72) = (min (0(735) - 2,0(734) - 1))". 

• 93,95 G 1^(0(93), To) with 0(93) = 0(733)72. 

• qi € W{c{qi),To) with c{qi) = min (0(731) - 1,0(733) - 1), 

and 

ll9l||c(9i),ro + ll92||c(<;2),To + 1 1 93 || 0(93) ,to + 1 1 94r 1 1 c(g2 ) ,ro + I|95 ||c(g3),ro ^ l" 

Finally, the variables (r, y) and (t, x) are uniformly equivalent: 

1 dr ^ 1 , , , , ^ , . 

2<^<2 ; -{x)^iy)^2{x). 

Remark 3.3. Under the assumptions of the lemma, we can define implicitly the 
variable t from the variable r in view of the formula (3.4). 

Proof. The first two equations in (3.8) determine q^r and q^. Then the next two 
yield q2 and 53, while we infer qi from the last equation. Thus we first consider 

{94r - 4^5 = 734(1 + 94,.) + 4(7594^(3 + 3q4r + 94r^ 
' P5 ... ^ .2 2 

95=(YT^-4(l + '/4,.) 95. 

Introduce the corresponding homogeneous system: 

d ( 94r \ _ f ^ 4 \ / qir 



dr \ qb J \ ^ ^ J \ qb 
The square of the above matrix is zero, and we infer: 

exp 





4 ^ 








: 


) 




. 
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Duhamel's formula for (3.10) thus reads: 



q4r{r) = 

95 (t) = 
Denoting N{k) 



Piicr) (1 + QArio-)) + 4g5(o-)'74r(o') (3 + 3(/4r(o-) + qlri^)) 
P5(o-) 



da 



4(t - a 



(l + 94.(a))2 



Ail + qir{'T)rqi{a) da, 



(1 + qMy 



Ail + qir{c7)yqiia) 



da. 



c(fe),To 



the first right hand side is eontroUed by 



da 



< 



-c(p4) ^ ^l-c(g4r)-c(g5) _|_ ^2-min(c(p5),2c(g5)) 



The second right hand side is eontrolled by r^""""''^'^^''^'^^'^^'. We can solve the 
above system by a fixed point argument in the class that we consider, provided that 
To is sufficiently large, as soon as 



1 < c(g5), 

c(g5) + 1 < min(c(p5),2c((j5)). 



c{q4r) + 1 < c{p4) ; 
c(g4r) + 2 < min(c(p5), 2c(g5)) ; 
This boils down to 

c(p4) > 1 ; c(p5) > 2, 

in which case we may take 

c(q4r) = (min(c(p5) - 2,c(p4) - 1))" ; 0(55) = ^0(^5). 

Note also that tq can be chosen independent of p such that N{p) ^ 1. 
The system yielding (92793) is similar (the constant 4 becomes a 2): 

Q2 - 2(73 =P2+ 2(74r'?3 - P4q2 



q's = -iil + qirfqsqs 



P3 - 2(?2P5 



1 + q4r 

Under the extra assumption c(p2) — c{p4) and 0(^3) ~ 2(^5), we may take 

0(92) = c((j4r) ; c(g3) = c((j5). 

It is clear that we may choose c{qi) = min {c{pi) — 1, c(p3) — 1). 
The inequalities: 



dt^^-'^ 



4-1 

1 

94 



'1 + g4r 



1 



< 



1 



tc(92) ' 



1 X, 



92 



< 



imply the last part of the lemma. 



□ 



The following lemma is a direct consequence of the proof of the previous result: 

Lemma 3.4. Let p and p satisfy the assumptions of Lemma 3.2. Assume in addi- 
tion that for all k, c{pk) = c{pk) = c{p) > 2. Denote by q and q the corresponding 
modulations provided by Lemma 3.2. We have 



|94(t) - 94(^)1 + \q2{T) - 92(t) 



< 



1 



r':(p)-2 1<A;<.5 



max \\pk -Pk\ 



= (P),T0- 
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Proof. Subtract the Duhaniel's formulations to systems (3.10) associated to p and 
p, respectively. Denoting eq{T) = \q4 — q^l + rlq^ — qsl, we have immediately 



da 



e,(r) < r ^ (^(^-L. + e,{a) + ^ max |k - 

From Lemma 3.2, c{qz) = c(p)/2 > 1. We can then apply Gronwall lemma to 
^qi''') — 6<3 (■'')/''': 9,nd the first estimate follows. The estimate for q2 proceeds along 
the same lines. □ 

3.3. Reduced problem. In the rest of this paper, we show the following: 

Theorem 3.5. Let Assumption 3.1 be satisfied. There exists tq > 0, a modulation 
p such that pj € W{c{p),To) with c(p) > 2, and a solution w £ C([to, cxd[; E) to 

(3.11) idrW — Lw — iZp{w) — iRp(w) + iZp{Q), 

such that 



T 



1- 



Theorem 3.5 implies Theorem 1.1. Writing v{T,y) = e*"^ (Qiv) + 'w{T,y)), we first 
see that Theorem 3.5 implies the existence of p = p(r) like above, and a solution 
V G C([ro,oo[;I]) to 

idrV + Av ~ VpV — gp\vf^'^v + iZp{v), 
\Hr)-e-Q\\H^ ^ \\{y) (z;(r) - e^Q) |U. ^: 

If this holds, then Lemma 3.2 yields a modulation q such that 

C 



1+ ' 



(3.12) |g2(t)| + |<74(t)-l| — > 0, |gi(t)| + |g3(t)| + |<75(i)K , 

t-i.+oo t 

and a solution of (3.1), 
We now set 

0{t) = 7(t) ; \{t) = tcu ; x{t) = % 92 

Equation (3.4) and Lemma 3.2 show that indeed, 7(t) ~ t + o{t) as t — > 00. We 
also know from (3.12) that 

\{t)^t and \x{t)\ = o{t) as t ^ Q+ . 

In view of the behavior of the and J-H^ norms via the pseudo-conformal trans- 
formation, we readily verify that Theorem 1.1 follows from (3.12). □ 

As suggested by the statement of Theorem 3.5, we construct simultaneously 
the modulation p and the remainder w. We will see in Section 5 that these two 
unknowns are related through a nonlinear process. 
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4. The linearized operator 

To prove Theorem 3.5, we need more precise properties concerning the hnearized 
operator L than those recalled in Proposition 2.2. Wc use again refined estimates 
proved in [40] (see also [10]). 

As in [40], we identify C with R^, and the space of complex- valued functions 
i/^(R'', C) with the space H'^{IV^, H) x H'^ {W^ , R), considering the operator C = iL 
as an operator on x with domain x H^: 

c = 2L^(^_l^ L+ = -A + i- (^l + i^g^/^ L_ = -A + l-g4/''. 

Note that C is not sclf-adjoint. We denote by 

{.f,g) = / /i.9i + / .h92, 
the scalar product on ^^(R'') x L2(R'^). The space of secular modes is defined by 

where N{A) is the null-space of the operator A. We next specify the space S and 
the dynamics of e**^ on S. Note that by direct calculation, 

L^{\xfQ)^-4(^^Q + x-\/Q^ , L-Q = 0, 
-L+ (^Q + x-VQj =2Q, 



(4.1) 



(4.2) L^ixiQ) = -2a,,Q, L+{d^^Q) = 0. 

Furthermore, there exists only one radial function Q such that 

L+Q = -Ixl^g. 

Consider for 1 ^ £ ^ d 

ni = -ia^^Q; n-i^i = -iS^^dx^Q, nz^i = iP^^xiQ 

(where ao,/3o:7o are normalization constants, Q!o,/3o > 0). Then 
(4.3) 



( Cni = Cn2j = 0, £71.4 = —277,1, ^^n^,i — 2n2,£, 

\ £71,5 ~ 271-4, CriQ = -277.5 + 27orii. 



This shows that all ri^'s are in the space S. By similar computations, the following 
functions are in the space S* = Uk^i ^ ii^*)'^)- 

7711 = iQ, rn2,i = xeQ, m^^t = -idx^Q, 

777,4 = -ilxpQ - 7o(5, 7775 = i^Q + • VQ, rriQ^-Q. 

Moreover, M = (S*)^, and {nk,mj) = 5jk, so that 

Psh = I'i^j, where Uj — {h,mj) . 

As a consequence, in view of (4.3), the exact dynamics of e'*^ on S is obtained. 
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Proposition 4.1. Let G £ C(R;i/^ x H^), and W such that 
(4.4) dtW + iLW^G 

Denote Vj ~ {W^rrij) and dj ~ (G^mj). Then, 

1^4 = -2^5 + di v'^ = 2vq + d^ Vq = de. 

5. Tuning the modulation 

Our approach consists of a careful examination of (3.11). As we have seen in the 
previous section, we can write = AI (B S. Recall that S, the generalized kernel 
of iL, is a finite dimensional space, and that the group e**'^ is bounded on M. To 
construct the wave operator of Theorem 3.5, we have to control the secular part of 
w (its 5* component) . We decompose w into w = ws + wm ■ By noticing that 

(5.1) ZpiQ) = -t{pi+P3-y + P5\y\')Q + P2-^Q+P4 + y V 

= Piaoui - psPqUs + 2p5ao{n5 - 7oni) - ^2/^0 • ?^2 + Q^o?^4 

is in 5", we deduce the projected equations on S and on M. Namely, we want to 
construct a solution to the system 

(5.2) drws + iLws = PsRp{w) + PsZp{w) + Zp{Q), 

(5.3) drWAi + iLwM - PmZp{wm) = PmRp{w) + PmZp{ws). 
We introduce 

/>oo 

$(«;)(t) = / e'(---)^ (PsRpiw) + PsZpiw) + Zp{Q)) da + $2(«^)(t) 

(5.4) Jr 

^ $i(«;)(t) +$2(«^)(t), 

where $2(w) = i/) is the solution (in M for all t) of the equation 

dr(i> + iL(i> - PmZp{<P) = PmRp{w) + PmZp{ws). 

The existence of $2(1'^) will be shown in §6. In the present section, we define the 
modulation parameter p, and estimate $1(10). The main point in our approach is 
that p depends on w, and is chosen so that the secular part $i(u)) of ^(w) belongs 
to span(n6). As p also appears in the definition of $ in (5.4), the dependence of $ 
upon w is more implicit (and more nonlinear) than it may seem. 

As it is standard, we shall construct in Section 7 a fixed point for <t>. However, we 
shall not use Banach-Picard result (based on contractions) , but rather the Schauder 
fixed point argument (based on compactness). 

For p ~ (pi, . . . ,^5), c > 0, denote, once and for all, 

bWI max |pfc(T)|, ||p||c,ro = max \\pk\\c,To- 
The main result of this section is the following: 

Proposition 5.1. Let Assumption 3.1 he satisfied. Let e g]0, 1/3[. Then if tq > 
is large enough we have the following property. Let w G C{[tq, oo[; H^) with 

(5.5) snpT^-'\\w{r)\\Hi ^1. 

r^To 

There exists a unique modulation parameter p ~ p{w), such that, for t ^ tq, 

(5.6) b(r)| < -1^, 
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and 



$i(u;)(t) 



J{T-a)L 



{PsR{w) + PsZp{w) + Zp{Q)) da e span rig. 



Furthermore, for this choice of p 



(5.7) 



Vr^To, |($iH(T),m6)| s; 



c 



r3-2e ' 



where C does not depend on w. 

We prove Proposition 5.1 in §5.2. We first need some a priori estimates for 
arbitrary p. 

5.1. General estimates. Recall from (3.7) the notations; 

iRnl{w) = -gp x{F{Q + w)- F{Q) - t{w)) , 
iRL{w) = (1 - gp) X l{w) + VpW, 
iRo = (1 - gp) X F{Q) + VpQ, 



with 



F[z) = \zf''^z 



l{w) 



w. 



Lemma 5.2. Let Assumption 3.1 he satisfied, and 

lbfc||c(p),ro =^ 1, l|Pfe||c(p),ro < 1, fce{l,...,5}, 

where c{p) e]2, 3[. Then, for every fixed w, we have the pointwise estimates 



(5.8) 

(5.9) 
(5.10) 
(5.11) 
(5.12) 



\Rl{w) 



\RNLiw)\<Q\wf+ 1^1'' 
<ijCe-^(y^\w\ + Xunn(l,^-^] 



w\, 



\Rp{w) - Rp{w)\ < ^^Ib - Pllc(p) (e-=<'^> + {yf \w\ {w} 



4/d 



\RnL.p{w) - RnL.pMI < ^c(rt + l IIP~Pllc(p).ro {vf H 



4/d-l 



\Rl,p{w) - Rl,p{w)\ < c(p) + l \\P-P\Up),r„ (y) \w\- 



Proof. Estimates (5.8) and (5.9) follow from the definition of Rnl and of Rl (see 
(3.7)), and, for (5.9), from Assumption (3.1). 
Next we estimate \gp ~ gpl- Notice that 

rHr)-l-Hr) 



We have 



7 ^t) 7 i(t) 
d7"i(r) 



7 ^ir)j ^(t) 



dT 



94 (t) ^{l + qirir)) 



Therefore, by Lemma 3.4: 

^{i^Ht) -l^^ir)) < Iqirir) - Qir {t)\ < ^^^^jj^Wp ~ p\\cip).To, 

Integrating between tq and r and using that 7(to) = 7(to) = tq we get, since 
c(p) < 3, 

1 



\r\r)-j-\T)\ < 



-c{p}-3 



\\p~p\\, 
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This rather poor estimate yields the more interesting one 



1 1 



^ -;^\\p-PUp).r„- 



7 K't) 7 M't) 

Denote A = 94/7"^, and A its counterpart associated to p. We can write 

5p(T,y) -9piT,y) =g{\y + Xq2) -g{Xy + Xq2)- 
Note that Assumption 3.1 imphes 

\g{a)-g{b)\<\a-b\{\a\^ + \b\^). 
Invoking Lemma 3.2 and Lemma 3.4, we deduce 

l5p(r,y) - gp{r,y)\ < (|A - A||y| + \Xq2 - ~Xq2\) {x' + A^) {yf 
1 1 2 

< _i \\P-P\\c{p),r0 {yf ■ 



c{p) + l 



T 

We have a similar estimate on — = X'^V{X{y + (72)) — A^V^(A(y + ^2)): 

\Vp{T,y) - Vp{T,y)\ < \\p-p\\c{p),ro (y) ■ 

By definition, we have (without splitting the terms as in (3.7)) 

-iRp{w) =gpx\Q + w\*/'^{Q + w)^VpX{Q + w)- F{Q) - t{w). 
We also have 

and the estimate (5.10) follows. 

Estimates (5.11) and (5.12) of the lemma are a straightforward consequence of 
the definitions (3.7) of Rl,p and Rnl,p, and of the above estimates. □ 

We introduce the notation, for 1 ^ j ^ 6, 

(5.13) D,ip){T) = {PsRpiw) + PsZpiw), m,) . 

Lemma 5.3. Let Assumption 3.1 be satisfied. If 

lbllc(p),ro < 1, 

where c{p) > 2, then we have for all t ^ tq, 

\DApKr)\ < Ikll^^/' + \\wrm + ^\Ml^ + \p{r)\\\wh^ 



(5.14) (0 

+ <^ i/r^+^(pr + 1/7 



= 2,4,6 
/J = 3. 



1/t^ 

Proof. Taking the L^-norm in y in the pointwise estimate (5.8), Sobolev embedding 
yields: 

\\RNLiw)iT)U. < M^)\\h^- 
2s5fe<l+4/d 

By the pointwise estimate (5.9) we get 

\\RLHiT)h^<\\\w{r)\\^.. 
These estimates yield, since mj G S (R'') , 

mp)(.r)\ < J2 + ^Mr)U^ + \{Ro,m,)\ + |p(r)|||«;(r)|U., 

2^fc^l+4/d 
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Notice that Rq is purely imaginary, that TO2, and rriQ are real, and thus 

Vje {2,4,6} {Ro,m,)^0, 

which yields the first case in (5.14). 

By Assumption 3.1, the Taylor expansion of g near the origin reads: 

g{x) = 1+ ^ c„a;" + 0(|xH. 

|q|=3 

In view of Lemma 3.2, we infer 

Notice that if j e {1,5}, rrij is a radial function. Thus if \a\ = 3, 

J y'^m, = 0. 

Arguing similarly on V, we infer 

\{PsRo,m,)\ = \{Ro,mj)\ = - gp)F{Q) + VpQ,m,)\ < -^1^ + 1. 

Lemma 3.2 then yields the second case in (5.14). To prove the third case, we use 
the pointwise estimate 

Since Q decays exponentially, this yields 

Po(r)|U2<4, 

and the third case in (5.14) follows. □ 

5.2. Control of the secular modes by projection. We next prove Proposi- 
tion 5.1. We introduce, for arbitrary p, 

(5.15) dj(p)(T) = {PsRpiw) + PsZpiw) + Zp{Q),m,) = D,ip){r) + {Zp{Q),m,) . 
By the explicit expression (5.1) of Zp{Q) we get the relations between dj and Dj: 
di{p) = Di{p) + aopi - 2aojoP5, d2{p) ^ D2{p) ~ f3oP2, ^(p) = £'3(p) - ^oP3 
d4{p) = D4{p) + aoP4, d5{p) ^ D5{p) + 2aoP5, d^ijp) = Dq{p), 

where ao,/3o5 7o are real constants, ao,/3o > 0- From (5.5), we know that w tends 
to zero as T +oo. Recalling that Zp{Q) G S for any parameter p, the stability 
of S by e**^ shows that $i(w) £ S. Denote, as in Proposition 4.1, 

6 

i=i 

By Proposition 4.1, 

4 = Dg{p), 

which is well-defined in view of (5.14), (5.5), (5.6). We want to vanish, for 
1 ^ j ^ 5, so in view of Proposition 4.1, we would like to impose 

d2 = ds = d4 =0 ; d^ = -2vq ; di = 27oi'6. 
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The proposition follows if we get a fixed point p in the unit ball of (M^(3— Se, tq)Y^'^'^ 
(the space W is defined by (3.9)) for the operator ^{p) = p = {pi,P2,P3,P4,P5)- 

P5^^ (-D^ip) + 2 / De{p)) ; p4 = ^—D^ip) 

P3 = ^^.b): J = 2, 3 ; pi = -—D,{p) - ^D,ip). 

Let B be the closed unit ball in {W{3 — Be, tq))^^'^'^. We first show that B is stable 
by 4'. By (5.5), and since < e < f/2, we have, for t ^ tq :s> I, 

(5.16) Mm'^'+Mh + + \pir)\\ML^ 

^1 fill 

By definition of (5.16) and the estimates (5.14) on Dj, we get, for j G {2,3,4} 

\pAr)\ < mp)ir)\ < WwC;"^' + IMl, + ^\\wh. + ^ + \pir)\\\w\\L. 
< — < ^ 

if T ^ To and tq is chosen sufficiently large. In view of the estimates (5.14) and 
(5.16), we have 

(5-17) / \D,{p){a)\da < da < 

Jt Jt ^ 

provided tq ^ 1. By the estimate (5.14) (second case) and (5.16) we get, taking 
again t ^ tq > 1, 

n+oo 1111 

|P5(r)| < mp){r)\ + I mp){a)\da < + + ^ 

and similarly 

\Mr)\<\D,ip){T)\ + \D,ip)iT)\^ ^ 



^3 — 3e ' 

As a consequence p = ^'(p) G B, and the stability property of 5* is settled. 
It remains to prove the contraction property of 

(5.18) ||*(p) -*(p)||3-3e,ro - p||3-3e,ro, 

for all p,p G B, with k < 1. In view of the definition oi 'i/, it is enough to show 
that if L is small, and tq is chosen large enough, we have, for t ^ tq, 

(5.19) \\D,{p) - D,{p)h.Se.T„ ^ i\\p-ph-3e.T„, 

for 1 ^ ^ 5, and 

(5.20) \\De{p) - De{p)\U-3e.To < i\\p - Ph-s^To- 
Recall that by definition, 

DAp) = (PsRpH + PsZp{w),m,) . 

We have 

\{PsZp{w)-PsZp{w),m,)\ < \pk{T) ^ pk{T)\\\w{T)U2 

By the pointwise estimate (5.10) we get 

\{Rp{w) - Rp{w),mj)\ < -^\\p-p\\3.3.^To- 
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Taking tq larger if necessary, we deduce the estimate (5.19). 
To prove (5.20), we argue as in the proof of Lemma 5.3: 

De{p) = (RNLiw) + Rl{w) + PsZp{w), me) , 

that is, the contribution of Rq vanishes, since Rq is purely imaginary and rrig is 
real. We then invoke inequalities (5.11) and (5.12) of Lemma 5.2, to infer: 

\{R,iw)-Rpiw),me)\ < -^\\p-ph,se,rJw{r)\\H^ {\\wir)\\H^f' 

which gives (5.20) and concludes the proof of the contraction property (5.18). 

Therefore there exists a fixed point p £ B for For this p, we have Vj{T) = 0, 
for 1 ^ J ^ 5. Moreover, since 

$i(w)(r) z^6(r)ri,6, 

it remains to show (5.7), that is, to check that |t'6(''')| ^ 1/t^^^^. This follows 
immediately from (5.17) and the fact that i^q = Dq. □ 



6. The non-secular part 

As announced in the previous paragraph, we now study the M-component of w, 
which has to solve (5.3). For this, we consider the operator $2, that is, we study 
the equation 

(6.1) dr<j) + iLcl)-PMZp{(b)^F ; ||</)(t)||s 0, 

r— )-+oo 

where F G C{[tq,oo[; M). For a, 6 > 0, let 

X{a, b, (5) = {0 e C([ro, oo[; M n S''), ||0||x(a,fc.5) < 00} , where 



\\4'\\x{a,b.5) = sup r° \\4'iT)\\fjs + sup t'' (y) (j){T) 



L2 



The main result of this section is: 
Proposition 6.1. Let tq > and p G C([ro, cxd[)'^+^'* such that 

Vr ^ To, \p{t)\ ^ 

Assume that F G X(a + 1 + rj.b + I + ri,6), with a, 6 > 0, 77 > and 

5 <a-b<S{2-3e), 1^5 ^5. 
Then (6.1) has a unique solution (p G X(a, 6,(5). Furthermore, it satisfies 

\\4'\\x(a,b.5) < t^\\F\\x(a+l + n,b+l + n,5)- 

6.1. Energy estimates. Recall the important property, established in [40] : on M, 
the norm is equivalent to ||-||a/, where 

11011^ = Re (L0,0). 

Lemma 6.2. Let k G N, and F G Li([ro, oo[; E^^+i). Suppose that (j) G C([to, cx)[; Mn 
j^2k+1'j ggiygg (6.1) and tends to m S^'^^-'^ as t — )■ +c>o. There exists C > such 
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that for all t ^ tq, the following holds: 

2k 



da, 



II {yf"^' 0(a)||L^ I (II {yr^' Fia)U. + II {yr V0(a)|U. + ||0(a)|U. 



+ \p{a)\\\{yf''+'cbia 



da. 



Proof. We begin with the first inequality in the case k — 0. Multiply (6.1) by Lcj), 
integrate with respect to y and consider the real part: 

Re / 9^0X0 - Re / Pa/ ^0 = Rc / FL^. 



We readily check the identity 

/I d 
^^a,0i0 = -— II0II 

A straightforward integration by parts yields 



2 



FL(f> 



< llFllffi 



It remains to estimate 



(6.2) Re / PmZp{(13) 1(1) = Rc / Zp((/)) L(/) - Re / PsZp{(t>) L(j> 



R'i 



R<i 



R'i 



Pi + P3 ■ y + P5|y| ) + P2 • + ( 2 + y • 



We start with the first term. Recall that 
and 

We have, by elementary integration by parts: 

Rei / pi0 A0 = 0, 

R-e i P3- y(j)A(j) 



Rei / psiyi 



Im J (j)p3 ■ V0 
P5 Im / (j)y ■ 



=^ \P3\ 

^ 2|p5|||0||ffi|| (y)0||L^, 



Re p2- V(/)A(/) = 0, 



Re / P4 ( ^ + y • V 



P4 / |V0|^ 



We infer: 

Re J Zpi4>)A$ ^c{\p3\ + \p4\)\ml. + \P5\\mHA\{y)4>\\L-- 

We easily deduce that the first term in (6.2) is controlled by 

Re / Zpi4>)L^ ^C\pM\mm\m + \\{y)<j>\\L-). 
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For the remaining second term in (6.2) we use the structure of the space S, 



Re / PsZp{(l))L(j> 



Integrating by parts both in the scalar product and in the integral, we get 



Re / PsZp{4>)L4) 



^c\p\u\\l.. 



Summarizing, we have obtained 



^ufM^c\\F\\H^\mH^ + c\pm\H^^ 



Since the M-norm and the i/^-norm are equivalent on M, the first inequality of 
the lemma follows in the case k = 0. 

Let K ^ 1. We write (6.1) as 

dr(t) + iLcj) - Zp{(P) ^F- PsZpicj)). 
Applying the operator (iL)'^ we get 

dr mr^b) + iL {{iLT4') - {^LTZp{4>) = {iLTF - {iLTPsZp{<t>). 

Hence 

dr {{iL^^) + iL ((zL)«0) - ZpiiL^cj) = {iirF + [(^L)^ Zp] <t> - {iLf PsZp{4>), 

where [{iLY, Zp] denotes the commutator of the operators {iLY and Zp. By direct 
computation, the commutator [iL, Zp] is an operator of order 2 in ((y) , V), which 
is only of order 1 in {y) and whose coefficients are multiples of pi,. . . ,^5: 

[ii, Zr\<t> 



iL, -i {pi +P3 ■ y +P5|yn +P2-V+p4hr+y-V 



-i [A, -i (p3 • y+pslyH +Piy ■ V] 



P2 ■ V + p^y ■ V 



= -2 (p3 • V + 2p5y ■ V + dp5 + ip^A) 



'^{p2-v[Q'/')+P,yv[Q^/''))^. 



Furthermore 



Hence 



K-l 



[(^L)^zJ = Y^i^LY [iL,Zp] {iLr-^-\ 



{V) {W''<f> 



L2 



< 



\\[{iLr,Zp]^^, ^ \p\ 

Notice also that 

\\{iLrPs{Zpm\\m = \\ E {ZpW,mj){^Ly 

Denoting (p,^ = {iL)'^<j>, we see that (t>K.{T) € M and that it solves 

+ - PmZp{4>^) = [iLTF + [{iLT, Zp] cb - {iLTPsZp{4,) + PsZp{dp^). 
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From the case k = and the previous estimates, we get: 

/' + 00 



< 



\\Fia)\\H2.+i 

+ + II {y) (V)^-<^(a)||^,))da. 

Noting that for a large constant K, depending on k, we have for all f ^ M, 

\\{iLrf\\j,, + K\\f\\Hi « ii/ik^+i, 

and using the case k = to bound ||(/)(r)||/ji , we get the first estimate of the lemma. 
To conclude, we estimate the momenta: for s G N, wc compute more generally 



ld_ 

2dT 



= Im j {yf'L^(j) + Rc / {y^ PMZp{(b) + Rc / {y)'' Fcj). 
By a direct integration by parts 



\2s 



\2s r^-r 



Im / {yf'Lcfx/) 



< 



Uyy-'Vci^h.WiyrnL^ + Ul 



L2- 



(6.3) 

Furthermore, 

Re J {yy-^ PMZp{cj))cl> = Re / {yY" Zj,{cl>) <f> - Re / {yY' PsZp[d)) (j). 
On the one hand. 



Re / (y)'^Zp(0)0 



On the other hand. 



Re / {yf' PsZp{<jy)^ 



Re / (2/)'^p2-V00 + p4(y)'' ( ^ + yV 



maxJpfcllK?/}" 011^2. 



^ (Zp(</)),mj)Re y n.j {yf' , 



< Wll</'lli- 



Hence 
(6.4) 



Re / {yY'PMZp{(b)q} 



\p\\\{yrn 



L2- 



Combining (6.3), (6.4), we obtain the second estimate of the lemma, concluding 
this proof. □ 

6.2. Refined a priori estimates. In the sequel, we consider < e < 1/3, and 
extra smallness assumptions will be precised when needed. 

Lemma 6.3. Let tq > and p £ C([to, oo[)'^+^'' such that 

Vr ^ To, \p{t)\ ^ 

Assume that F e X(a + 1 + 6 + 1 + r;, 6), with rj > and 
(6.5) S <a-b<S{2-3s), S e {1,5}, 

where X is defined in Proposition 6.1. Let /i > 0. If tq is sufficiently large, every 
solution (j) G X{a,b,S) of (6.1) satisfies 

(6-6) Il0llx(a,6.i5) =^ /^l|-P'IU(a+l+J7,6+l+J7,<5)- 

Remark 6.4. The restriction 6 E {1,5} in the above statement is arbitrary. 
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Proof. First case: S = 1. Denote by 

Ml = \\F\\x(a+l+ri.b+l+vA)- 

The iJ^-estimate and the momentum estimate with k = of Lemma 6.2 read, along 
with the assumption on p: 

mr)\\H^^C f—l- + ^^(\\^{a)\\H^ + \\{y)c^{a)h^))da, 

J T ^ (7 (J ' 

/CO 71 r 1 

We apply Lemma A.l with the following data: 

ai = /?! = ; a2 = /32 = 1 ; ai = 02 = &i = 2 - 3e ; 62 = -1- 

This is possible under the assumptions a, & > and l<a — 6<2 — 3e, which are 
fulfilled in the context of Lemma 6.3. We then have 

ll'/'llx(a,6,l) ^ Mll-P'lUla+l+rj.b+l+rj.l), 

for To sufficiently large. 
Second case: (5 = 5. Denote by 

= l|-F'l|j>f(a+l+)),()+l+)),5)- 

To proceed in a similar way as in the first case, we use interpolation estimates (B.8) 
and (B.9). By Lemma 6.2 in the case k = 2, we obtain 



(a)11^5 <C 



t3-3£ 



+ !l (yf <l>('^)\\%'m<^)\\li' + ll'/'MI 
+ ^\\{yfH<y)\\L^-)da. 



We apply Lemma A.l with the following data: 

"1 = /33 = ; (32 = 1 ; a2 = /3i = 7 ; ai = 02 = 63 = 2 - 3e ; 61 = 62 = -1. 

5 

This is possible under the assumptions a,b > and 5<a--5<10— 15e, which 
are fulfilled in the context of Lemma 6.3. We then have 

ll'^llx(a,6,5) ^ /^l|-f'll;^(a+l+J7,&+l+J7,5)j 

for To sufficiently large. Summarizing, we have obtained the lemma in the following 
cases: 

l<a-5<2-3e and (5=1, 
5 < a - 5 < 5(2 - 3e) and (5 = 5, 

which corresponds to the announced result. □ 
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6.3. Proof of Proposition 6.1. The proof is set up in the same spirit as the 
existence of M0ller's wave operators. Let x(t) = 1 — H{t), where H is the Heaviside 
function, be the function equal to 1 for t < and for r > 0. We first consider 
the case where 6 = 5 and F £ L^([to, oo[; Ai" n E^). For (■?-„)„ a sequence going to 
+00, consider 

(6.7) 5r0„ + iL0„ - PMZ.p{(f)n) = xi^ - Tn)F ] (f>n\T=l+T„ = 0. 

To begin with, we remove the projection Pm from the left hand side, and consider 

(6.8) dr(l)n+'iL(t)n- Zp{(l)n) = x{t -T„)F ] 0„|r=l+T„ = 0. 

We show that for every n, (6.8) has a unique solution 0„ e C{[ro, oo[; S^). To see 
this, remove the modulation by reversing the approach presented in §3: recalling 
(3.2), define (/>„ by 

where 7 is given by (3.4) and the qj^s are well-defined function of the p/c's in view 
of Lemma 3.2. We check that (6.8) is then equivalent to an equation of the form 

idt4'n + A0„ = Wicfn + W24>n + F,, ] (fn\t=t„ = 0, 

where the notation Fn is obvious, t„ = J^^{Tn + 1): a-nd the potentials are given by 

= iI5F('-G + ')«(ii5)-"<")"T 

dqi{ty \q4{t) J 

We note that Wj £ L°°([<o, oo[; M^^'°°(R'*)), j = 1,2. We can then construct 0„ 
in C([to, oo[; L^): a fixed point argument yields ipn on small time intervals (with a 
non-trivial initial data in order to repeat the process), and we can split [to, ^n] into 
finitely many time intervals on which we can control the L^L^-norm of 0„ by the 
L(L^-norm of Fn on the same time interval. We can proceed along the same line 
to construct 0„ in C([io, oo[; 77^), and then infer that (/)„ is also in C([to, oo[; E^) 
(with 4>n\t^t„ = 0). We skip the easy details. 

We deduce that (6.8) has a unique solution G C([to, oo[; E^). The case of 
(6.7) follows easily, by rewriting it as 

dr4>n + iL4'n ^ Zp{(t>n) = -PsZp{(j)n) + x{t - Tn)F ] (^„|r = l+r„ = 0, 

and by recalling that 

6 1 
PsZp{(fin) = ^{Zp{(l)n),mj)nj, hence \\PsZp{<p„){T)\\s5 < -j--^||0„(T)||i2. 

The important point which we must note now is that (/)„ £ C{[tQ,oo[;M H E^), 
which is compactly supported in time, has no secular part. This is so thanks to 
Proposition 4.1, and the integral formulation of (6.7), which can be written as: 

/•1 + T„ 

0„(t) = J e*(— )i {{xi^ - Tn)F{a) + PMZp{ct>n){<j)) da, t ^ tq. 

Since %(• — Tn)F G L^([ro, oo[; M n E^), Proposition 4.1 shows that the right hand 
side of the above equation has no non-trivial S'-component. Therefore, </>n(T) G M . 
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To conclude, we note that under the assumptions of the proposition, xi' ~ 'Tn)F 
converges to F in X{a + 1 + 77/2, 6 + 1 + 77/2, 6). Since (6.1) is hnear. Lemma 6.3 
shows that 0„ is a Cauchy sequence in X{a, b, S), thus it converges in this space to 
(f> solution to (6.1) which satisfies (6.6). Uniqueness follows from Lemma 6.3, and 
we have defined an operator F M- 0. 

By density and Lemma 6.3, the result remains true if we assume only S = 1 
(and F S X{a + l + ry, & + I+77, S)). The proposition then follows by complex 
interpolation between the cases 5 — 1 and 5 = 5. □ 

7. Fixed point argument 

In this section we show Theorem 3.5. 

Recall that we have defined the operator $ as follows: 

(PgR^(w) + PsZpiw) + ZpiQ)) da + $2(u')(t) 

= $i(w)(t) +$2(w)(t), 

where ^2{w) = is the solution (in M) of the equation 

drc^ + iLcf) - PMZp{(t>) = PmRp{w) + PmZp{Psw) 

given by Proposition 6.1. The modulation p is a function of w itself, defined in §5, 
Proposition 5.1. To prove Theorem 3.5 (hence Theorem 1.1), we show that $ has 
a fixed point in a suitable space. Consider for < e < 1/3 and 1 < d 

y((S,£,To) = |w e C {[to,oo[;M nY.^) + C ([tq, oo[; spanng) ; ||w||5,e,ro < ooj 

where ||w||5^e.ro is defined as 

sup t^-'\\Pmw{t)\\h^ + sup r2-2^-^|| (2/)* PMU'(r)|U2 + sup T^-'''\{wiT),me)\. 

7.1. Stability. The main result of this section is the following: 

Proposition 7.1. Let 6 £]1, 2[, and < £ < 1/4 so that e < 1 — 6/2. There exists 
To > such that <I> maps the closed unit ball ofY{S,e,To) to itself. 

Proof. For w G Y{S,£,tq), Proposition 5.1 yields a modulation p such that 

sup t^~^^p{t)\ < 1. 

By Proposition 6.1, Ps^{w) = $i(ui). Since by Proposition 5.1, ^i{w) G span(n6), 
the secular part of ^{w) has the suitable structure for Y. Moreover, by (5.7), for 

T > To, 

T Tg T 

Therefore, increasing tq if necessary, 

sup r3-3^|($(«;)(r),m6)| s$ ^. 

Thus <I>i(w) is in the 1/2-ball of Y{6,e,To). 

To control the non-secular part Pm'P{w) = $2(w), we apply Proposition 6.1 with 
F = PAiRpiw) + PmZp {Psw) . 
We look for a and b such that F£X{a+l + r],b+l + 77, 5). We note that 
PmZp (Psw) = {w,mG) PMZpine), 

so we have the estimate 

\\PMZp{Psw){T)\y <\{w{T),me)\\p{T)\< ^ ^ ^ 
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The delicate term, which explains the assumption 5 < 2, is the last one, Pi\j Rp{w) . 
We treat separately the contributions of i?o, Rl and Rnl- Since d < 2 and S > 1, 
H^IIV^) is an algebra, and we infer 



\\PMRNLiw)\\H^ \\RNLiw)\\H^ + \\PsRnlH\ 



From the pointwise estimate (5. 



II (y)' PMRNL{w)h2 ^ II {y)'RNL{w)h2 + II {y)' PsRnl{w)\\l2 

<Mh + \\{yfi>^\\L^ E W^Wh^^^^- 

2sJK4/d 

Wc next treat the contribution oi R^. Using that r'^Vp is bounded in the Sobolev 
space W'^'°°, uniformly for r > 1, we get 

||Pm i?LH IIh^ <-^||^«||h^ <-^. 

Using simply the boundedness of the external potential V, we infer 

II {yfPMRUw)h^ < ^M^. + 1|| {y)'wh2 < 

The term PmRq can be estimated in a similar way, up to the fact that the if^-norm 
and the momenta of Q do not decay in time: 

\\PmR4h^<^ ; \\{y)' PmR4l-<^- 

Summarizing, we have obtained 

1 11 1^1 

T 



^IIh^ - + -rr^ + zi^ + — - _3 ^ 



II {yf F\\l2 < + + ^4Z^ + ^ < ' 

meaning that F € X{3, 4 — 2e — 5,S). We can then apply Proposition 6.1 provided 
that there exists a, &, ry > with 

6 < a-b < 6(2~3e), 

such that F G X{a + l+i'i,b+l+T],S). We take a + 1 + 77 = 3 (note that this 
constraint comes from Rq). This requires a = 2 — 77 (77 > can be arbitrarily 
small), and since on the other hand, we must have a > S, this explains why we have 
assumed ^ < 2. By taking 77 = |, we get as a constraint 

S <e + S < 6(2 ~3e). 

As e < 1/4 and 5 > 1, this condition is fulfilled. Therefore, by Proposition 6.1, 
^2{w) G X{2 — |, 2 — |e — (5, S). By increasing tq if necessary, $2(w) is also in the 
1/2-ball of Y{d, e, tq), and the proposition follows. □ 

7.2. Compactness. We recall the following compactness result, which is a partic- 
ular case of [.')7, Corollary 4]. 

Theorem 7.2 (From [37]). Let X C B C Y be Banach spaces such that X is com- 
pactly embedded into B, and B is continuously embedded into Y . Let tq < ti and F 
be a subset of L°°{[tq^ti\;X) such that {§7, G F^ is bounded in L°°{\tq,ti\]Y). 
Then F has compact closure in C([to, ti]; i?). 
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Fix £, 6 as in Proposition 7.1. Let K be the closed unit ball of Y{S,£,to). By 
Proposition 7.1, the operator $ maps A' into itself. Notice that K is closed into 
Y{d',e',To) if S' < S, e' > e and 2£ + (5 < 2£' + (5'. In this subsection we show the 
following lemma. 

Lemma 7.3. Let < £ < e' < 1/4 and I < 6' < S < 2 and assume 2e + 5 < 
2s' + 6' < 2 (this implies that Y{S,£,to) is continuously embedded into Y{6' ,e' ,To)). 
The image (f>(A') of K has compact closure in Y{5',e\To). 

Remark 7.4. The assumptions of the lemma are satisfied for example by S, e, 6', e' 
defined by 

5 = 2 - 4£, £' = 2£, 5' = 2 - 5£, 

for some small £ > 0. 

Proof. It is sufficient to show that for all r > 0, there exists a finite number N of 
functions in ipn S y(<5', e', tq), such that 

(7.1) V^e<i>(/0=^3ne{l,...,iV}, U-i^n\\s',e',ro<^- 

RccaU first that ^{K) C K. Thus for ^ £ $(A'), 

T'-''\\PAMr)\\H^' +T^-'''mT),me)\+T'-^''-''\\ {yf Pm^{t)\\l'^ 

^3e-3e' _^ ^2e+S-2e' -S' 



Let Ti such that tq < ti/2 and 

(t 

From the two preceding inequalities, we get that for tjj G ^(K) 



2 J ' \ 2I "^2' 



(7.2) T^y^ 

r^-'' \\PMHr)\\H^' +T^''''mT),m,)\+T^-^^'-''\\ (y)*" PmV^MIU. < 
Next, consider the set 

We will show that the assumptions of Theorem 7.2 hold with 

where we define (as 5 < 2) Y.^-'^ = H^-"^ + J'{H^-^). Note that < 6' < 5, so 
that X is compactly embedded in B. The fact that $(A') C K shows that is a 
bounded subset of C ([tq, ri]; E'^) . Furthermore if = $(tii) G A" then = 4im + 4>s 
where 

a,0s + *i0s = ^'s-Rp(^«) + PsZpiw) + Zp{Q), 
dr4>M + iL(j)M - PmZp{cI)m) = PmRp{w) + PmZp{ws). 

Using that (f> and w are in AT, we get that dr(f> E C ([tq, +C!o[; E"^"^) and that 
d.T(j)\[T„.Ti] uniformly bounded in T,^~^ with a bound which is independent of (f>. 
By Theorem 7.2, F has compact closure in C ([to,ti]; S'^). As a consequence, there 
exist '01,. . .ipN such that 

(7.3) VV3 eF,3ne{l,... N}, sup V^(t) - ^„(t) < 

where k = max{2 - £', 3 - 3£', 2 - 2£' - S'} > 0. 

Let X G C°°{[to,+oo[), supported in [to,ti], such that ^ x ^ 1j ^-nd x = 1 
on [ro,Ti/2]. For 1 ^ n ^ A^, let -0„ = xV'n- We show that the '0„'s satisfy (7.1), 
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which will conclude the proof of the lemma. Let ?/' G ^{K). By (7.3), there exists 
71 G {1, . . . A^} such that 

r 



< 



L~(ro,ri,S^') Arf 



where ^4 is a large universal constant to be specified later. And thus, using that 
Xip is supported in [ro,Ti], 

Vr ^ To, \Mj{t) - ljjn{T)\\^s' < 



This implies, if A is large enough, 

T^-''\\xPM^iT)~PMi'n{T)\\Hy 

+ T 



T3-3^'|(x^(r)-^„(T),m6)| 



II {yf {xPmHt) - PmMt)) ||l2 < ^. 



Furthermore, by (7.2), 



.2-s' 



\\{1-x)PaM7 



'1 - X) {'4'{T),me)\ 



J2-2e'~5' I 



Hence (7.f). The proof is complete. 



□ 



7.3. End of the proof. The following proposition will allow us to use Schauder's 
Theorem in order to prove Theorem 3.5. 

Proposition 7.5. Let 0<e<£'<l/4 and 1 < S' < 6 < 2, and assume 
2e + S < 2e' + S' < 2. The closed unit ball K ofY{S,e, tq) is closed in Y{S',e',To). 
In addition, the map ^ : K ^ K is continuous for the topology of Y(S' ,e' ,tq). 

Proof. In view of Proposition 7.1, we need only prove the continuity. We start 
with an estimate of the difference of two parameters p, p defined from two different 
functions w,w G Y{6' , e', tq). Recall that the existence of p was proved in Proposi- 
tion 5.1 as a fixed point of the operator '^{p) = ^'^(p), and that w G Y{S\e',To) 
implies ||p||3_3e/^T-o < oo. Wc have 

Hr)^p{T)\ = \^Up)ir)-^Up)ir)\ 

^ |f „(p)(t) - ^UpKr)\ + |*»(p)(r) - ^Up){t)\ . 

By the contraction estimate (5.18) on ^E*^, wc get 



\\P - Ph-3e' .TO ^ 



1 - K 



|*„,(p) -^'«,(p)||3-3e^ro■ 



Therefore, in view of the definition of 5'^,, 

\\p-ph-3e',ro< E ll(^j(P)M-^.-(P)(^))ll3-3e',.o 

f + 00 

{De{p){w) ~ De{p){w)) 

By the definition (5.13) of Dj{p)^ one has 

\D,ip){w) - B,(j,){w)\ s; \{Ps{Pv{^) - Rp(w)),m.j)\ + \{PsZ^,(w - w),Tn.^\ 
^ \'\Pnl3{w) ~ RNL,p{'^),mj)\ + \{Rl.p{w - w),nij)\ + \{PsZp{w - w),m.j)\ . 
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In view of the explicit formulas for Rml and of the pointwise estimate (5.9) on R^, 
we infer, since w^w & L^H^: 

\{D,{p){w) ~ D,{p){w)){t)\ < \\w{T)~w{T)\\H^{\\w{T)\\H^+\\w{r)\\H^) 

+ - w{t)\\hi + \p{t)\\\w{t) - w{t)\\hi < :^^Z^\\w - w|U',e',ro- 

In conclusion, 

(7.4) I|p-]5l|3-3e',ro < 4^ 1^ " *ll 5',e',ro • 

^0 

Also, since 



/ + CC 
D6ip){w), 

we get 

||$l(w) - ^i{w)\\s',e',n, < 4^||W - w\\s'.e'.To- 

Therefore $i is (Lipschitz-)continuous on F((5', e', tq). It remains to show the con- 
tinuity of $2- 

Let w & K and Wn £ K such that iy„ — >■ w in y((5', e', tq). Denote by 0„ = 
^2[wn) = PM^{wn), and (j) = ^2{'w). By Lemma 7.3, ^{K) is relatively compact 
and there exists a subsequence of (/>„ which converges in Y{5' , e', tq) to some (j) € K. 
It remains to show that (f> ^ cf). By (7.4) we have 

lim \\pn -p||3-3£'.ro = 0. 
n—^oo 

By definition of $2, we have 

dr(f>n + iL(f>n ~ PMZp,^{(j>n) = PhlRp^iw^) + Pm Zp^{PsWn) ■ 

Letting n tends to 00, we get that (j) satisfies the following equation in the sense of 
distributions 

dr4> + iL4> - PmZp{4>) = PAlRpiw) + PmZp{Psw). 
Using that (p is, by definition, solution to the same equation, we get 

dr{i -<f))+ lL{4> - 0) - PAfZp{4> - 0) = 0, 

which implies, by Lemma 6.3, that (j) ^ (j). The proof is complete. □ 

Proof of Theorem 3.5. By Proposition 7.5, $ is a continuous map from K into itself. 
By Lemma 7.3, ^{K) is relatively compact in Y{d' , e' , tq). As if is a convex closed 
subset of F((5', e'. To), we can apply Schauder's Theorem (see e.g. [38, Corollary 
B.3]) which implies that $ has a fixed point w E K . By the definition of K and 
Proposition 5.1, Theorem 3.5 follows. □ 

Appendix A. A differential inequality 

Lemma A.l. Let /i > and m G N. Let (aj)j=i. .,„, (&j)j=i...m; be real constants, 
a,b,ri > 0, and {aj)j^i,,,m, {Pj)j=i...m be constants in [0,1]. Assume 

Vj e {1 . . . to}, Oj + (& - a)aj > 0, bj + (a - b)l3j > 0. 

There exists Tq such that for any Af > and any nonnegative continuous functions 
Zi and zi on [ro,-|-oo[ such that 

sup |t"zi(t)| + sup \t''z2{t)\ < 00. 
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and satisfying the following differential inequality on [tq, +oo[; 



(A.l) 



ziir) ^ 
22 (r) < 



M 



2:i(g)^-"^Z2(g)°^ 
a-aj+l 



da, 



J = l 



have 



Proof. Denote by 



sup |r°zi(r)| + sup |r^2;2('r)| A^^f. 



Let flj = (1 — aj)a + (1^6 + aj, bj = j5ja + (1 — I3j)b + hj. Using Young's inequality, 
Zj"^Z2^ < (1 - 61)^1 + 6*^2, (A.l) and Holder inequality yield 



-31 (t) M 



1 



ja+l + q 



c5^(||^iIU^ + ||^2||l^ 



1 



LI 



where the Lebesgue norms correspond to integration over [r, oo[. Similarly, 



Z2[t) < M 

For any c > 0, 



11^: 



2||L- 



1 



1 



rC+1 



1 



L1([t,oo[) 

and hence (with a constant C depending only on the parameters 77, a, 6, Oj, 6j) 

y^?^ ^^^^ >^CL j 



By assumption, — a and bj — b are positive. Taking the sup norm of the preceding 
inequalities and using the triangle inequality, we get 

117 II ^ C n r : 11^1 IU°°([ro,+oo[) + 11^2 ||L°°([ro, + ^[) 

< —M + CY^ 11-^1 IU°°([to,+oo[) + ll'^2||L°°([ro, + oo[) 



^2||L°=([ro,+oo[) 



Taking tq large, we obtain 



ll^l||L=°([ro,+oo[) < + -^\\Zl\\L-°{[r„,+oo[) + ^ II ^2 1 1 ([tq ,+oo[) , 

l|2'2||L-([ro,+oo[) < -||Zi||ioo([^„_+o„[) + -||Z2||loo([^^_+o„[). 

Summing up, we get the announced result. 



□ 
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Appendix B. Some interpolation inequalities 
Lemma B.l. Let d ^ 1. There exists C > such that for all f G iS(R''), 



B.l) 

B.2) 

B.3) 
B.4) 

B.5) 
B.6) 
B.7) 
B.8) 
B.9) 



m^\\.f\\'J^\ 



1/3 








2/3 








f\\%' 

















\\{x)Vf\\^.^C {xff 



\{x)y'f\\^,^c {xff 
|(x)vVL.^c {xff 



{xfyf 



s$ C 



{^ff 



1/3 

L2 
2/3 

1/3 

L2 
1/5 

4/5 

L2 



||l/3 
lift's , 



Proof. To prove (B.l), use Holder's inequality: 



{{^f\fi^)\'' 



1/3 



Inequality (B.2) follows the same way: 



L3 



i^ff\\l.- / ^((^)'l/(^)P)'^'(l/(^)P) 



(i/(^)r) 



2\2/3 



|2\l/3 



dx 



((^)' 1/(^)1 



2/3 



L3/2 



(1/(^)1 



,1/3 



L3 



Inequalities (B.3) and (B.4) then follow from (B.l) and (B.2), respectively, and 
Plancherel formula. 

Integrating by parts, we have 



x)^f\\l. = - / f{x)V ■ [{xfVfix)\dx 



< 
< 
< 



\fix)\ {x) \Vf{x)\dx + / |/(.t)| {xf \Af{x)\dx 



{^)f\\L^\\I\\m+ i^Yf ^f\f\\m 



{xff 



1/3 



where we have used (B.1)-(B.4). Inequality (B.5) follows. 
Integration by parts also yields 

2 



L2 



Rrf 

i^ff 

i^ff 



fix)\7 ■i{xfVf{x)\dx 



L2 
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On the other hand, 



(B.IO) 

We infer, for instance, 



< 
< 



L2 



\H3 



1/3 



< 



7/6 



i^rf \\f\\]!'\\m^+ i^r^f 



1/2 



1/2 
L2 



L2 



L2 



lii'li/ii;; 



1/2 



L2 



L2 



, .||l/2 



where we have used Young's inequahty, with (4,4') = (4,4/3). Taking e < 1 yields 
(B.6), and (B.7) then follows from (B.IO). 

The proof of (B.8) and (B.9) is similar, and we omit it. □ 
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